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ABSTRACT   
In this paper, we review our recent work on the statistical properties of polarization speckle generated by a birefringent 
material with rough surface. After a short introduction of a less-known concept of polarization speckle with its unique 
properties of random polarization states fluctuating in space, we provide an intuitive explanation of the cause of 
polarization speckle by vector random walks in the complex plane for two components of the vectorial electric fields. 
The surface polarization scattering is investigated in terms of the coherence matrix, and a relationship between the 
statistical properties of the scattered light at the scattering surface and the micro-structure of the anisotropic media has 
been explored to understand the underlying mechanism. The coherence and polarization properties of the stochastic 
electric fields at the far field after propagation have been studied in order to describe their spatial structure and evolution. 
Furthermore, the dynamic properties of polarization speckle have also been investigated in order to investigate the 
simultaneous reduction of coherence and polarization of the scattered light for the first time.  
Keywords: Speckles, polarization, mutual coherence tensor, statistical optics, random walk 
 
1. INTRODUCTION 
Since continuous-wave lasers became commercially available in the early 1960s, extensive studies have been made on 
their basic properties and applications of laser speckle [1-3]. The term speckle patterns is usually associated with the 
fine-scale granular distribution of a light intensity pattern that arises from the interference of coherently superposed 
multiple random optical fields. In the majority of studies on speckle phenomena, these random optical fields have been 
treated as scalar optical fields, and the main interest has been in the statistical properties and applications of the intensity 
distribution of the speckle patterns. Recently, statistical properties of random electric vector fields have come to attract 
new interest because of their importance in wide areas of practical applications such as in biology and metrology. 
Statistical phenomena of random electric vector fields referred to as Polarization Speckle have relevance to the theories 
of speckles, polarization and coherence. Much effort is now being made by researchers to establish a new realm of 
statistical optics based on a unified theory on speckles, coherence and polarization [3,4]. Clearly it is far beyond the 
ability of the authors to cover these complete subjects related to the phenomena of stochastic electric fields. We will 
therefore restrict ourselves to the narrow-scope review on some of our recent works on statistical properties of 
polarization-related speckle phenomena, along with an introduction of mechanism for generation of polarization speckles, 
their coherence and polarization properties, spatial structure and evolution. Furthermore, we will also introduce some 
dynamic properties of polarization speckle produced by a rotating rough-surfaced retardation plate to explore the 
simultaneous reduction of coherence and polarization of the scattered light.  
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where 0I  is the on-axis intensity of the incident field and θ  is the linear polarization angle with the xˆ -axis. Some further 
progress can be made for Eq. (3) when certain assumptions for the effective phase delay and the correlation function of 
the surface thickness are specified [2-3]. For simplicity, the assumption is usually made that the effective phase delays 
(or equivalently the surface height fluctuations) is a Gaussian random process. We have 
                                  
{ }









exp (2 ) ( 1)( ( )) ( 1)( ( ))
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⎡= − − − < >⎣





                                  (5) 
where λ  is the wavelength in vacuum, ( )d r  is the zero mean Gaussian random thickness variation around the average 
thickness d of the birefringent plate, ln and mn are the refractive indices for the birefringent material. Another 
assumption is that the correlation function of the surface thickness also takes Gaussian form. 
                                                             { }2 2 21 2 1 2( ) ( ) exp | | ,d dd d rσ< >= − −r r r r                                                                (6) 
where 2dσ  and dr are mutually independent quantities indicating the variance of ( )d r and the radius at which the 
normalized surface thickness correlation falls to 1 e , respectively. Therefore, the transmission coherence tensor of the 
scattered electric field immediately behind the scattering layer becomes a complex Hermitian matrix. 
                                       { }2 2 2 2 2 20( ) cos exp 4 ( ) ( 1) [1 exp( )] ,txx d x dW r I n r rθ π σ λΔ = − − − −Δ                                        (7.1) 
                                       { }2 2 2 2 2 20( ) sin exp 4 ( ) ( 1) [1 exp( )] ,tyy d y dW r I n r rθ π σ λΔ = − − − − Δ                                       (7.2) 
                     
{ } {
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       (7.3) 
        When Equations (7.1)-(7.3) have been derived, the surface of the polarization scattering spot is assumed to be rough 
and wide-sense stationary where its correlation function depends only on the differences of measurement coordinates:
1 2| |rΔ = −r r . These results provide us with a specific relationship between the correlation properties of the transmitted 
electric fields and the micro-structure of the rough surface of the birefringent material. 
           To provide physical insight into these results, we have presented some numerical examples by taking the 
following parameters: 4, 1.486xnθ π= = and 1.658yn =  for the birefringent material: calcite [8]. Note the fact that the 
normalized correlation functions in Eqs. (7) approach their non-zero asymptotes, respectively for large separation rΔ . 
These asymptotes indicate that the transmitted electric field passing through the retardation plate has a non-negligible 
specular transmission of the incident light, as can be easily seen by noting the flat correlation functions when 0dσ = , in 
which only a specular transmission light exists. To study the non-specular component in the scattered light, it is helpful 
to subtract out these asymptotes of the correlation functions, yielding 
                                                                                      ( ) ( ) ( ) .t t tm n m n m n'W r W r WΔ = Δ − +∞                                                                (8) 
The coherence area cA  of this non-specular component of the scattered electric field is found by evaluating [2] 
                                                                                                     2
0
2 ( )tcA rd rπ μ+∞= Δ Δ∫ ,                                                                                 (9) 
where 
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         Figure 3(b) shows the spatial degree of polarization for the scattered electric field vs. the standard deviation for the 
surface thickness fluctuation normalized by the wavelength. As dσ λ increases, the spatial degree of polarization 
reduces to zero monotonically. Note that when the surface-thickness standard deviation reaches beyond 2λ , the spatial 
degree of polarization for the scattered light at the surface is less than 1 10 indicating a depolarization effect to scramble 
the incident polarization. Therefore, the scattered electric field at the surface can realistically be considered as spatially 
unpolarized light. Comparing Fig. 3(a) and Fig. 3(b), we further note that the widths at half maximum of tP is much 
broader than that of stcc AA indicating that the realization of depolarization is much more difficult than that of 
decoherence for the scattered light introduced by increasing the standard deviation of the rough-surfaced retardation 
plate. 
       Under the assumption of a large surface roughness with large phase variance owing to the smaller lateral distance 
required to obtain a phase difference of 2π , we can make further progress. In this case the second exponential terms in 
Eq. (7) may be series expanded, and only the first two terms in the series are essential. For 2 2 2( )(1 1 (2 ))l m dn n k σ π− − >>  , 
( , , )l m x y= , we have 
                                    { }22 2 2 2exp{ } ( ) 2( 1)(exp 2 .1)d l m l m dlm k n n n n rj σϕ ⎡ ⎤− + − − ΔΔ − ⎣= ⎦r                                     (12) 
The approximation in Eq. (12) has resulted in breaking down the double exponential into a single exponential facilitating 
further mathematical analysis in order later to arrive at an analytical solutions for the propagation of the coherence 
matrix. Under the paraxial approximation, the propagation of the coherence matrix through a complex-valued ABCD 
optical system is given by 
                                                              * 1 2( ) ( ) ( ) ( ) .
o t G G d d= ∫∫1 2 1 2 1 1 2 2W p ,p W r ,r r ,p r ,p r r                                           (13) 
where the superscript o indicates the field in the observation plane, and the Green’s function in the matrix formalism is 
                                                               ( ) ( ){ }2 2, exp .22 2jk jkG A DB Bπ= − − − ⋅ +r p r r p p                                          (14) 
In the equation above, j is the imaginary unit and the A, B and D are complex values that can be determined by 
multiplying the matrices for all the individual optical components in the optical train, i.e. lenses, free space propagation 
and apertures [11-12]. The benefit of the above expression in Eq. (6) is that it usually enables us to give an analytical 
result, covering a broad range of optical systems. In arriving at the above expression, we have tacitly assumed that the 
refractive indices in the input and output planes are identical, but not necessarily unity. As an example, we will consider 
a typical case of free space propagation over a distance z with a preceding aperture of size sr  to model the illuminating 
spot size, and thus the corresponding ABCD matrix is 







−⎛ ⎞⎜ ⎟−⎝ ⎠
，                                                                    (15) 
where Rz  is the Rayleigh range 2 2R sz kr= . By substituting these elements of the ABCD matrix into Eq. (14), one can 
study the changes in the degree of coherence and the degree of polarization for free space propagation. 
        Figure 4(a) gives the absolute values of the degree of coherence of the polarization speckle generated by the rough-
surfaced retardation plate at two positions 1 2Δ = −p p p located symmetrically with respect to the zˆ axis along the 
normalized propagation distance.  It can readily be seen that the degree of coherence takes a large value close to unity for 
two points located near the optical axis. Fig. 4(b) shows the degree of polarization of the polarization speckle for free-
space propagation, plotted against the normalized propagation distance Rz z , and the normalized lateral distance 
measured in spot size sp r . As expected, the degree of polarization changes appreciably depending both on the 
propagation distance z and on the polarization angle of the incident beam. Instead of a uniform distribution for the 
modulated electric fields just behind the depolarizer, the spatial degree of polarization for the polarization speckle after 
propagation does not remain uniform.  
Proc. of SPIE Vol. 10834  108340K-6
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 15 Jul 2019



























1 2( , ;
o
mnW zρ ρ
      From Eq
retardation plat






                     
ree of Coheren





al to the sca
lated, just as
n depth will v
 elsewhere fro
cross-correla
, ) mz z E+ Δ =< %
uations (3), (7
e can be appro
               tlmW
6) is derive
2 22| } (/α πα δ=
utions for the 
chematic for st
             (a)    
ce  for free-spa
lateral distance m
IMENSIO
ered only the 
 now turn o
l properties. 
ttering plane.




1 2( , ) (nz Eρ ρ%
) and (12), the
ximately rewrit
( )1 2, ilmW≈r r
d, we have 
)Δr . Such a
propagation o
udy the 3-D str
                      
ce propagation 







ng on the part
l point of vie
e observed 
, )z z+ Δ > . 
 mutual cohere
ten as  








     
                     
at two points lo


































, we will calc
o different












eckle in a me
cture of pola
n speckle in 





















ver which a s
ile, both cor
e results are 
erence tensor
which we 
ust behind the 
                     
n based on 
ysis in order
em as shown 
ex ABCD optic
 









 with its each
represent by
rough-surfaced
                 (16
the fact tha
 to arrive a














Proc. of SPIE Vol. 10834  108340K-7
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 15 Jul 2019
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use
  
 
      Under the paraxial approximation, the mutual coherence matrix for the electric field at 1ρ on 1
st observation plane after passing 
through a complex ABCD optical system and that for the field at 2ρ  on 2
nd plane displaced by a distance zΔ  is connected by Eq. (13) 
and (14). Let 1M be ABCD matrix for the entire optical system under consideration, determined by the multiplication of the matrices 
for all the individual optical components, i.e., the lenses, free space propagations and aperture. For our system in Fig. 5, the 
relationship between ABCD matrix 1M at the 1
st observation plane and 2M for the 2
nd observation plane can be chained together as: 




zΔ⎛ ⎞= ⎜ ⎟⎝ ⎠M M
                                                                                       (17) 
     On substituting from Eq. (17) into Eq. (13), we obtain the expressions for the propagation of coherence tensor for the 
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    Without loss of generality and for demonstration purposes only, the optical system has been chosen as free-space 
propagation with its ABCD matrix given in Eq. (15). From the analytic expressions of the coherence tensor in Eq. (18) 
and (19), we can obtain the 3-D distribution for the degree of coherence and degree of polarization for polarization 
speckle. They are 
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                                 (20) 
and 
         { }{ }2 2 1/ 222 2 2tan ( ) .( 1) ( 1) tan ( 1) (( ) 1 4 1 ex 1p )d x y y x x yk n n n n n nP θ σ θ −⎡ ⎤− − − +⎡ ⎤= − − − ⎣ ⎦− −⎣ ⎦ρ                (21) 
    It’s interesting to note that the spatial degree of polarization for the polarization speckle is independent of the 
location and stay constant during propagation. Figure 6 shows the contours of the 3-D correlation function with
1 2| |ρΔ = −ρ ρ . Note the fact that the illumination spot size sr is small compared with the distance to the observation 
plane z , and the transverse and longitudinal correlation widths have been measured by the widths of the curves at their 
half-maxima, i.e.  | | 0.5μ =  . From Fig. 6, we find that a polarization speckle has a typical needle shaped structure and 
its extent in the axial dimension is much greater than the extent in the transverse dimension.  Within this needle shaped 
structure, the polarization states have become scrambled and the perfectly polarized coherent incident beam has become 
spatially partially polarized or depolarized depending on the polarization direction of the incident electric field vector as 
compared to the optical axis of the birefringent material with rough surface.  
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         Another significant quantity to investigate is the degree of polarization for the modulated scattered electric field. After taking 
0rΔ = and 0τ = , we substitute to the mutual coherence tensor of the transmission beam and derive the degree of polarization for 
the transmitted light through a rotating depolarizer. Figure 8(b) shows the degree of polarization which decreases as the standard 
deviation of the surface thickness increases. As an example, when the standard deviation of surface thickness is around 3 times the 
wavelength of the incident light, i.e. 3dσ λ ≈ , the degree of polarization approaches to zero and the transmitted light can be 
reasonably considered as unpolarized light. From Fig. 3(a) and Fig. 8(a), we note that the coherence area is also close to zero and the 
corresponding coherence time still reduces to a finite value without becoming zero. Therefore, the beam passing through the rotating 
rough-surfaced retardation plate can serve as an ideal light source as a quasi-monochromatic, spatially incoherent, unpolarized light 
source, which has been used for coherence tensor holography for coherence and polarization synthesis.  
6. CONCLUSIONS 
In summary, we reviewed our recent work on the generation and spatio-temporal evolution of polarization speckle 
generated by a birefringent material with a rough surface. After giving an intuitive explanation of the cause of 
polarization speckle by vector random walks of polarization phasors, we reviewed the mechanism for the generation of 
polarization speckle from the rough-surfaced retardation plate and investigated the relationship between the statistical 
properties of the scattered light and the micro-structure of the anisotropic media. The coherence and polarization 
properties of the stochastic electric field in the far field after propagation has been studied with respect to its spatial 
structure and evolution. Furthermore, the dynamic properties of polarization speckle by a rotating rough-surfaced 
retardation plate have also been examined to explore the simultaneous reduction of coherence and polarization of the 
scattered light.  
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